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PURITY OF CRITICAL COHOMOLOGY AND KAC’S CONJECTURE
BEN DAVISON
Abstract. We provide a new proof of the Kac positivity conjecture for an arbitrary quiver Q.
The ingredients are the cohomological integrality theorem in Donaldson–Thomas theory, dimen-
sional reduction, and an easy purity result. These facts imply the purity of the cohomological
Donaldson–Thomas invariants for partially nilpotent representations of a quiver with potential
(Q˜,W ) associated to Q, which in turn implies positivity of the Kac polynomials for Q.
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1. Introduction
Let Q be a finite quiver. In [13], Victor Kac introduced the polynomials aγ(q), counting
the number of isomorphism classes of absolutely indecomposable Q-representations of a given
dimension vector γ ∈ NQ0 over Fq, and conjectured that the coefficients of aγ(q) are always pos-
itive. This conjecture was proved thirty years later, by Hausel, Letellier and Rodriguez–Villegas
in [9], via a detailed study of the arithmetic harmonic analysis of Nakajima quiver varieties.
The purpose of this paper is to give a new proof, demonstrating the positivity conjecture as a
natural consequence of the cohomological Donaldson–Thomas theory of a quiver with potential
(Q˜,W ) depending on Q.
We show that via the cohomological integrality theorem of [6], positivity is implied by the
purity of a certain ZQ0≥0-graded mixed Hodge structure H
nilp
Q˜,W
, the underlying mixed Hodge
structure of a version of the critical cohomological Hall algebra of Kontsevich and Soibelman
[15, Sec.7]. Here, purity is the property that the associated graded object of the weight filtration
for the jth cohomologically graded piece of Hnilp
Q˜,W
is concentrated entirely in the jth place.
Taking the appropriate characteristic function of Hnilp
Q˜,W
, we recover the refined Donaldson–
Thomas partition function for representations of the Jacobi algebra of the pair (Q˜,W ) satisfying
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a nilpotency condition defined in Section 2. It turns out to be quite straightforward to prove
the purity of Hnilp
Q˜,W
, recovering the positivity theorem for the Kac polynomials aγ(q).
The purity argument goes via the cohomological version [3, Thm.A.1] of the dimensional
reduction theorem [1, Thm.B.1]; for an arbitrary dimension vector γ ∈ NQ0 we use dimensional
reduction to prove that the degree γ piece of the mixed Hodge structure Hnilp
Q˜,W
is isomorphic
to the mixed Hodge structure on the compactly supported cohomology of the stack Zγ of pairs
(ρ, λ), where ρ is a γ-dimensional representation of Q and λ is a nilpotent endomorphism of ρ.
We give a stratification of this stack Z0γ ⊂ . . . ⊂ Z
n
γ = Zγ such that each Z
m
γ \ Z
m−1
γ has pure
compactly supported cohomology and is open in Zmγ , from which it follows from the associated
long exact sequences in compactly supported cohomology that Zγ has pure compactly supported
cohomology too.
The idea of relating polynomials arising in positivity conjectures to weight polynomials of
mixed Hodge structures from Donaldson–Thomas theory is utilised also in [7], where the co-
efficients arising in quantum cluster mutation are related to the coefficients in a particular
Donaldson–Thomas (henceforth DT) partition function. This connection was exploited in [4] to
prove the quantum cluster positivity conjecture for quivers admitting a nondegenerate quasiho-
mogeneous potential. There is, however, an important difference between that work and this,
which is explained in terms of the difference between DT/BPS invariants and the coefficients of
DT partition functions, which we now explain.
Given a quiver with potential (Q′,W ′ ∈ CQ/[CQ,CQ]vect) we consider the DT partition
function
ZQ′,W ′(x, q) :=χq,x(HQ′,W ′)
(1)
=
∑
γ∈Z
Q0
≥0
χq(Hc,Gγ (MQ′,γ , ϕtr(W ′)γ )
∨)xγ(−q1/2)−χ(γ,γ) ∈ Z((q−1/2))[[xi|i ∈ Q0]],
where the superscript ∨ denotes the dual in the category of mixed Hodge structures, for a
complex of mixed Hodge structures L one defines
χq(L) :=
∑
j∈Z
∑
n∈Z
(−1)j dim(Grwtn (H
j(L)))qn/2,
and the other constituent terms of (1) are introduced below. Note that purity of L implies
that χq(L) is a Laurent power series in −q
1/2 with positive coefficients. The refined integrality
conjecture of Kontsevich and Soibelman [14] for quivers with potential, proved by Kontsevich
and Soibelman in [15] (see also [5]) which is a q-analogue of the integrality conjecture of Joyce
and Song [12], states that there is a product expansion
ZQ′,W ′(x, q) :=
∏
γ∈Z
Q0
≥0\{0}
(1− xγ)Ωγ (q
−1/2)q1/2/(1−q).
Here the Ωγ(q
1/2) are Laurent polynomials in q1/2, and the order in which we take the product
(for general, nonsymmetric Q′, the xγ do not commute), as well as the the polynomials Ωγ(q
1/2),
are determined by a Bridgeland stability condition, even though the spaces MQ′,γ are not. The
PURITY OF CRITICAL COHOMOLOGY AND KAC’S CONJECTURE 3
Laurent polynomials Ωγ(q
1/2) are by definition the refined DT/BPS invariants1 of [14]. One
should note that although the positivity of the coefficients of −Ωγ(q
1/2) implies positivity of
the coefficients in the partition function ZQ′,W ′(x, q), the implication is strictly one way — this
comes down to a multivariable version of the observation that writing a formal power series
f(x) ∈ Z[x] in terms of an Euler product expansion
f(x) = 1 + f1x+ f2x
2 + . . . =
∏
n≥1
(1− xn)−cn
the positivity of all the cn implies the positivity of all the fn, but not vice-versa.
Writing
(2) χq,x(H
nilp
Q˜,W
) =
∏
γ∈Z
Q0
≥0\{0}
(1− xγ)Ω
nilp
γ (q
−1/2)q1/2/(1−q),
we will see in Section 4 (see (25)) that the Kac polynomials aγ(q) are equal, up to a factor of
−q1/2, to the refined DT invariants Ωnilpγ (q−1/2), so in particular the refined integrality theorem
can be demonstrated directly for this partition function.
In contrast with the cluster algebra setting, in which we are interested only in the positivity
of the coefficients of a partition function, proving positivity for the coefficients of χq,x(H
nilp
Q˜,W
)
via purity of the mixed Hodge structure Hnilp
Q˜,W
does not immediately imply positivity of the
Kac polynomials, by the observation above. The extra ingredient needed is the cohomological
upgrade of the refined integrality theorem [6, Thm.A]. This states that there is a sub
(ZQ0≥0 \ {0})-graded mixed Hodge structure g
nilp
prim ⊗ HC∗(pt) = g
nilp
prim[u] ⊂ H
nilp
Q˜,W
, where u is a
pure cohomological degree 2 generator, and (gnilpprim[u])γ := g
nilp
prim,γ [u] for γ ∈ (Z
Q0
≥0 \ {0}), and an
isomorphism
(3) Hnilp
Q˜,W
∼= Sym(g
nilp
prim[u]).
Furthermore, each graded piece gnilpprim,γ is finite-dimensional. The left hand side of (3) is the
underlying ZQ0≥0-graded mixed Hodge structure of the free unital supercommutative algebra gen-
erated by gnilpprim[u] in the category of Z
Q0
≥0-graded mixed Hodge structures. The cohomological
DT invariants are then defined (up to a Tate twist) to be the (ZQ0≥0 \ {0})-graded pieces of
g
nilp
prim, and the invariants Ω
nilp
γ (q1/2), along with the Kac polynomials aγ(q), then acquire a new
interpretation, as the shifted weight polynomials
(4) Ωnilpγ (q
−1/2) = −q−1/2χq(g
nilp
prim,γ) = −q
1/2aγ(q
−1).
Putting the −q1/2 factors together, qaγ(q
−1) = χq(g
nilp
prim,γ). Purity of H
nilp
Q˜,W
, implies purity of
the subobject gnilpprim,γ ⊂ H
nilp
Q˜,W
, and so positivity of the coefficients of χq(g
nilp
prim,γ) and aγ(q).
1The substitution q1/2 7→ q−1/2 occurs because the refined DT invariants of [14] are defined with respect to
compactly supported cohomology and not dual compactly supported cohomology.
4 B. DAVISON
Acknowledgements. I would like to thank Sven Meinhardt for originally bringing my atten-
tion to this problem and the link to quivers with potential, and for working with me on the
foundational results that lie in the background of this paper. I was supported by the SFB/TR
45 “Periods, Moduli Spaces and Arithmetic of Algebraic Varieties” of the DFG (German Re-
search Foundation) during the research contained in this paper, and I would like to thank Daniel
Huybrechts for getting me to Bonn. While completing the writing of the paper, and undertak-
ing corrections, I was employed at the EPFL, supported by the Advanced Grant “Arithmetic
and physics of Higgs moduli spaces” No. 320593 of the European Research Council. I would
also like to thank Northwestern University for providing excellent working conditions during the
writing of this paper, and Ezra Getzler and Kevin Costello for very helpful suggestions while
I was there. This work was partly supported by the NSF RTG grant DMS-0636646. I would
also like to thank the anonymous referee for numerous very helpful suggestions regarding the
presentation of what follows.
2. Cohomological Donaldson–Thomas theory
Let Q be a quiver, i.e. the data of two sets Q0 and Q1, the vertices and arrows respectively,
and two maps s, t : Q1 → Q0 taking an arrow to its source and target, respectively. We assume
throughout that Q0 and Q1 are finite. We define the Ringel form χ(−,−) by setting
χ(γ, γ′) =
∑
i∈Q0
γ(i)γ′(i)−
∑
a∈Q1
γ(s(a))γ′(t(a))
for dimension vectors γ, γ′ ∈ ZQ0≥0. We define
MQ,γ =
∏
a∈Q1
Hom(Cγ(s(a)),Cγ(t(a))),
and
Gγ =
∏
i∈Q0
GLC(γ(i)),
which acts on MQ,γ via change of basis. As in [16], from Q we build a new quiver Q˜ with
superpotential W ∈ CQ˜/[CQ˜,CQ˜] by the following procedure:
(1) For every arrow a ∈ Q1 we add a new arrow a˜ with s(a˜) = t(a) and t(a˜) = s(a).
(2) For every vertex i ∈ Q0 we add a new loop ωi with s(ωi) = t(ωi) = i.
(3) We set W = (
∑
i∈Q0
ωi)(
∑
a∈Q1
[a, a˜]).
We denote by χ˜ the Ringel form associated to Q˜.
Definition 2.1. Define Mnilp
Q˜,γ
⊂ MQ˜,γ to be the subvariety of representations which send each
ωi to a nilpotent endomorphism of C
γ(i).
Definition 2.2. We define a cut of (Q˜,W ) to be a set of edges S ⊂ Q˜1 such that every term
of W contains exactly one element of S. Given a cut S, we form a quiver QS by deleting all of
the arrows of S from Q˜, and define the two-sided ideal IS ⊂ CQS by IS := 〈
∂W
∂a |a ∈ S〉, where
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∂W
∂a is defined by cyclically permuting each instance of a in a word of W to the front and then
deleting it. We will always make the assumption that S contains none of the arrows ωi.
Given a cut S, we define
Z
Q˜,W,S,γ
⊂MQS ,γ
to be the closed subvariety of representations of QS satisfying the relations defined by IS , and
define
ZQ˜,W,S,γ := ZQ˜,W,S,γ ×
∏
a∈S
Hom(Cγ(s(a)),Cγ(t(a))) ⊂MQ˜,γ .
We define the Gγ-equivariant subvariety Z
nilp
Q˜,W,S,γ
⊂ Z
Q˜,W,S,γ
by the condition that each of the
loops ωi is sent to a nilpotent linear map, and define
Z
nilp
Q˜,W,S,γ
:= Znilp
Q˜,W,S,γ
×
∏
a∈S
Hom(Cγ(s(a)),Cγ(t(a))).
The following is trivial, and holds precisely because we have chosen S not to contain any of
the loops ωi. It is required for Theorem 2.7.
Proposition 2.3. Let
(5) pi : M
Q˜,γ
→MQS ,γ
be the natural projection, then
Mnilp
Q˜,γ
= pi−1pi(Mnilp
Q˜,γ
).
Next define
HQ˜,W,γ =
(
Hc,Gγ
(
MQ˜,γ , ϕtr(W )γ
)
⊗Q(−χ˜(γ, γ)/2)[−χ˜(γ, γ)]
)∨
,
the dual of the equivariant compactly supported critical cohomology with coefficients in the
sheaf of vanishing cycles, tensored with a power of the Tate motive, as in [15]. To keep things
relatively simple we can work with Grwt(H
Q˜,W,γ
), the associated graded object with respect to
the weight filtration of mixed Hodge structures. The space Grwt(HQ˜,W ) =
⊕
γ Gr
wt(HQ˜,W,γ) is
an object in the category of ZQ0≥0 ⊕ Zwt ⊕ Zco-graded Q vector spaces, and Q(n/2)[n] may be
treated as a 1-dimensional vector space concentrated in degree (0,−n,−n) ∈ ZQ0≥0 ⊕ Zwt ⊕ Zco.
Here Zwt ∼= Zco ∼= Z — the subscripts are there to serve as a reminder that the first copy of Z
is keeping track of the grading induced by weights of mixed Hodge structures, and the second
is keeping track of the cohomological degree.
Similarly we define
Hnilp
Q˜,W,γ
:=
(
Hc,Gγ
(
M
Q˜,γ
, ϕtr(W )γ |
M
nilp
Q˜,γ
)
⊗Q(−χ˜(γ, γ)/2)[−χ˜(γ, γ)]
)∨
.
In Theorems 2.4 and 2.7 we recall two fundamental results regarding the mixed Hodge structures
HQ˜,W and H
nilp
Q˜,W
.
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Theorem 2.4. [6, Thm.A, Sec.6.3] There exists a sub (ZQ0≥0 \ {0}) ⊕ Zwt ⊕ Zco-graded vector
space Grwt(gnilpprim) ⊂ Gr
wt(Hnilp
Q˜,W
) such that there is an isomorphism of ZQ0≥0 ⊕ Zwt ⊕ Zco-graded
vector spaces
(6) Sym
(
Grwt
(
g
nilp
prim[u]
))
∼= Grwt
(
Hnilp
Q˜,W
)
,
with u a formal variable of ZQ0≥0 ⊕ Zwt ⊕ Zco-degree (0, 2, 2).
Here we use the Koszul sign rule, with respect to the cohomological grading. So if v and v′ are
homogeneous of ZQ0≥0⊕Zwt⊕Zco-degree (γ, n, j) and (γ
′, n′, j′) respectively, supercommutativity
means that there is an equality
v · v′ = (−1)jj
′
v′ · v.
Remark 2.5. Theorem 2.4 is a special case of the ‘restricted’ version of [6, Thm.A] described
in [6, Sec.6.3]. In fact the mixed Hodge structure gnilpprim,γ is explicitly defined there; we briefly
recall the construction. Let M0γ be the coarse moduli space of semisimple representations of Q˜.
Explicitly, M0γ is the spectrum of the ring of Gγ-invariant functions on the space MQ˜,γ . There
is a subspace M0,nilpγ ⊂ M
0
γ defined by the equations tr(ω
n
i ) = 0 for all i ∈ Q0 and n ≥ 1. If a
simple CQ˜-module of dimension γ exists, define the mixed Hodge module
ICγ := ICM0γ (Q)⊗Q(−χ˜(γ, γ)/2)[−χ˜(γ, γ)],
otherwise define ICγ := 0. The potential W defines a function tr(W )γ on the space M
0
γ , and
we define
g
nilp
prim,γ = Hc
(
M0γ , (ϕtr(W )γ ICγ)|M0,nilpγ
)∨
.
Remark 2.6. Theorem A from [6] is a statement inside the category of ZQ0≥0-graded monodromic
mixed Hodge structures, and as such uses unpublished work of Saito, proving a Thom–Sebastiani
type theorem for such mixed Hodge structures. In the case considered in this paper, however,
we may use Theorem 2.7 to identify the monodromic mixed Hodge structure Hnilp
Q˜,W
with an
element of the full subcategory of monodromic mixed Hodge structures containing ordinary
mixed Hodge structures (informally, mixed Hodge structures equipped with trivial monodromy),
and Theorem 2.4 becomes a less technical statement inside the symmetric monoidal category
of ZQ0≥0-graded mixed Hodge structures (without monodromy). The analogue of the Thom–
Sebastiani isomorphism in this non-monodromic setting is the Kunneth isomorphism — see [3,
Prop.A.8] for a precise statement.
Theorem 2.7. [3, Cor.A.9] There are isomorphisms of cohomologically graded mixed Hodge
structures
H
Q˜,W,γ
∼=
(
Hc,Gγ(ZQ˜,W,S,γ,Q)⊗Q(−l/2)[−l]
)∨
∼=
(
Hc,Gγ(ZQ˜,W,S,γ,Q)⊗Q(−l
′/2)[−l′]
)∨
(7)
Hnilp
Q˜,W,γ
∼=
(
Hc,Gγ(Z
nilp
Q˜,W,S,γ
,Q)⊗Q(−l/2)[−l]
)∨
∼=
(
Hc,Gγ(Z
nilp
Q˜,W,S,γ
,Q)⊗Q(−l′/2)[−l′]
)∨
(8)
where
l = χ˜(γ, γ)
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and
l′ = χ˜(γ, γ) + 2
∑
a∈S
γ(s(a))γ(t(a)).
This is a special case of [3, Cor.A.9], which applies directly to (7), and applies to (8) on
account of Proposition 2.3. The extra shift in l′ comes from the fact that the relative (complex)
dimension of pi (from (5)) is
∑
a∈S γ(s(a))γ(t(a)). On the other hand, for all dimension vectors
γ ∈ ZQ0 ,
(9) χ˜(γ, γ) + 2
∑
a∈S
γ(s(a))γ(t(a)) = 0,
and so we deduce that H
Q˜,W,γ
and Hnilp
Q˜,W,γ
are given by the unshifted, untwisted equivariant
compactly supported cohomology of the spaces ZQ˜,W,S,γ and Z
nilp
Q˜,W,S,γ
, i.e. we have isomorphisms
of mixed Hodge structures
H
Q˜,W,γ
∼=
(
Hc,Gγ(ZQ˜,W,S,γ,Q)
)∨
(10)
Hnilp
Q˜,W,γ
∼=
(
Hc,Gγ(Z
nilp
Q˜,W,S,γ
,Q)
)∨
.(11)
3. Purity
Let L be an object in the derived category of mixed Hodge structures. We say that L is pure
if the jth cohomology of L is pure of weight j. We begin this section with a conjecture2.
Conjecture 3.1. For arbitrary Q and γ ∈ ZQ0≥0, the mixed Hodge structure on Hc,Gγ (ZQ˜,W,S,γ,Q)
is pure.
Example 3.2. Assume that Q has no arrows. Then (Q˜,W ) is a quiver with the potential
W = 0. This implies that each space HQ˜,W,γ carries a pure mixed Hodge structure, since it is
the Gγ-equivariant compactly supported cohomology of the affine space A
∑
i∈Q0
γ(i)2 , with the
trivial shift, as in this case χ˜ = 0.
Proposition 3.3. Let G be an algebraic group, and let X be a G-equivariant variety, such that
X admits a stratification ∅ = X0 ⊂ X1 ⊂ . . . Xt = X by G-invariant subvarieties, in the sense
that each Yr := Xr \Xr−1 is open in Xr. Assume that for each r, there is an algebraic subgroup
Nr ⊂ G and an inclusion gr : A
sr
C → Yr of an Nr-invariant subspace such that the morphism
of stacks g′r : [A
sr
C /Nr] → [Yr/G] is an isomorphism. We assume further that the equivariant
cohomology Hc,Nr(pt,Q) is pure. Then Hc,G(X,Q) is pure.
Proof. The isomorphism g′r induces an isomorphism in compactly supported cohomology
(12) Hc,Nr(A
sr
C ,Q)→ Hc,G(Yr,Q).
There is a Gysin isomorphism Hj−2src,Nr (pt,Q)→ H
j
c,Nr
(AsrC ,Q) which shifts weights by 2sr, from
which we deduce that the left hand side of (12) is pure, and so the right hand side is too. The
2While this paper was being edited, this conjecture was proved, again via cohomological Donaldson–Thomas
theory [2].
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proposition then follows from the fact that the long exact sequence in compactly supported
cohomology
→ Hjc,G(Yr,Q)→ H
j
c,G(Xr,Q)→ H
j
c,G(Xr−1,Q)→
is a complex in the category of mixed Hodge structures, and induction on r. 
Theorem 3.4. For all γ ∈ ZQ0≥0 the mixed Hodge structure on Hc,Gγ(Z
nilp
Q˜,W,S,γ
,Q) is pure.
Proof. Since the left hand side of (8) does not depend on S we may pick whichever cut S we
like, as long as it contains none of the loops ωi, so that we may use Proposition 2.3 to prove (8)
in the first place. We assume that S consists of the arrows a˜ for a ∈ Q1. We consider a different
description of the representation varieties ZQ˜,W,S,γ. For a˜ ∈ S we have
∂W
∂a˜
= ωt(a)a− aωs(a),
and we deduce that Z
Q˜,W,S,γ
is the space of pairs (ρ, λ), where
ρ ∈
∏
b∈Q1
Hom(Cγ(s(b)),Cγ(t(b))) =MQ,γ
and
λ ∈
∏
i∈Q0
End(Cγ(i))
is an endomorphism of ρ considered as a representation of Q. Similarly, Znilp
Q˜,W,S,γ
is the space of
such pairs (ρ, λ), where λ is a nilpotent endomorphism of ρ.
A nilpotent endomorphism of the space Cr is defined, up to conjugation, by its Jordan normal
form, which is defined in turn by the partition of r induced by taking the sizes of Jordan normal
blocks. We let P(γ) be the set of partitions of γ, i.e. the set of assignments of partitions
γ(i) = pi1(i)+ . . .+piki(i), where pis(i) ≥ pis+1(i) > 0 for all s, to each of the entries γ(i). We let
P be the union of the P(γ) for γ ∈ ZQ0≥0. Fixing the dimension vector γ, the set of choices of λ,
up to the action of the gauge group Gγ , is in natural correspondence with P(γ). The centralizer
Npi of such an λ is then an affine bundle over a product of linear groups, and in particular has
pure Hc,Npi(pt,Q) and is special, in the sense that principle Npi-bundles are Zariski locally trivial;
we will more explicitly describe the Npi in the next section, with Lemma 4.3.
For pi ∈ P we define Ypi to be the space of pairs (ρ, λ) such that λ belongs to the conjugacy
class corresponding to pi. We define a partial ordering on the set P(γ) by the prescription that
pi > pi′ if the orbit of the nilpotent cone Nγ ⊂
∏
i∈Q0
End(Cγ(i)) corresponding to pi contains
the orbit corresponding to pi′ in its closure. Since P(γ) is finite we can complete this partial
ordering to a total ordering. We pick such a total ordering, and we define
Zpiγ =
⋃
pi′≤pi
Ypi′ ,
giving a stratification of Znilp
Q˜,W,S,γ
(in the sense of Proposition 3.3).
Given a multipartition pi ∈ P(γ), we write pi(i) = (1Ψi,1 , 2Ψi,2 , . . .). Given a pair (ρ, λ)
belonging to the space Ypi, we consider it as a representation of the quiver Q in the category of
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nilpotent C[t]-modules, where each i ∈ Q0 is sent to
⊕
α∈Z≥1
(C[t]/tα)⊕
Ψi,α
. Given two numbers
α,α′ ∈ Z≥1, there is an isomorphism Hom(C[t]/t
α,C[t]/tα
′
) ∼= A
min(α,α′)
C , and so we deduce that
[Ypi/Gγ ] ∼=
 ∏
a∈Q1,α,α′∈Z≥1
A
min(α,α′)Ψs(a),αΨt(a),α′
C
 /Npi
 .
The theorem then follows from Proposition 3.3. 
Consider the partition function
(13)
χq,x
(
Grwt
(
Hnilp
Q˜,W
))
:=
∑
(γ,n,j)∈Z
Q0
≥0⊕Zwt⊕Zco
(−1)j dim
(
Grwtn
(
Hnilp,j
Q˜,W,γ
))
xγqn/2 ∈ Z((q1/2))[[xi|i ∈ Q0]]
where we use the standard notation xγ :=
∏
i∈Q0
x
γ(i)
i . Fixing γ ∈ Z
Q0
≥0, the coefficient of
xγ is given by the weight polynomial3 of Hc,Gγ(M
nilp
Q˜,γ
, ϕtr(W )γ )
∨, and in particular the infinite
alternating sum given by fixing a power of q1/2 and x is well-defined, and so (13) is well-defined
— in fact by Theorem 2.7 and Theorem 3.4 all these mixed Hodge structures are pure and we
deduce
χq,x
(
Grwt
(
Hnilp
Q˜,W
))
=
∑
(γ,n)∈Z
Q0
≥0⊕Z
(−1)n dim
(
Hnilp,n
Q˜,W,γ
)
xγqn/2
=
∑
(γ,n)∈Z
Q0
≥0⊕Z
dim
(
Hnilp,2n
Q˜,W,γ
)
xγqn.
By (11) and the proof of Theorem 3.4 the terms in the first equality, for odd n, are all zero,
which accounts for the second equality.
Definition 3.5. Given an element of the additive group
R :=
f =
∑
γ∈Z
Q0
≥0
fγ(q
1/2)xγ ∈ Z((q1/2))[[xi|i ∈ Q0]] such that f0 = 0
(14)
we write fγ(q
1/2) =
∑
n∈Z fγ,nq
n/2 and we define
K0(Sym)(f) =
∑
h
∏
(γ,n)∈Z
Q0
≥0⊕Z
(
fγ,n + h(γ, n)− 1
h(γ, n)
)
xh(γ,n)γqh(γ,n)n/2,
where the sum is over functions h : ZQ0≥0 ⊕ Z → Z≥0 sending all but finitely many elements to
zero, and by convention, the term in the sum corresponding to h = 0 is 1.
3Strictly speaking, this should be called the weight formal power series.
10 B. DAVISON
This defines a group homomorphism
K0(Sym) : R→ 1 +R
where 1 +R is considered as a subgroup of the group of units of Z((q1/2))[[xi|i ∈ Q0]]. There is
an inverse to the function K0(Sym), and so it is injective. The function K0(Sym) is known as
the plethystic exponential. For later purposes we define the group
R− :=
f =
∑
γ∈Z
Q0
≥0
fγ(q
1/2)xγ ∈ Z((q−1/2))[[xi|i ∈ Q0]] such that f0 = 0
 ,(15)
and define the plethystic exponential similarly
K0(Sym)− : R− → 1 +R− .
IfX is a variety acted on by an algebraic group G, then the cohomology HG(X,Q) need not be
bounded, and χq(HG(X,Q)) ∈ Z((q
1/2)). Similarly, χq(Hc,G(X,Q)) ∈ Z((q
−1/2)). Accordingly,
1+R is the natural target for weight polynomials applied to ZQ0≥0-graded equivariant cohomology,
while 1 + R− is the natural target for weight polynomials applied to Z
Q0
≥0-graded compactly
supported equivariant cohomology.
The function K0(Sym) has a more illuminating description, which also explains the link with
free supercommutative algebras. Let V be a ZQ0≥0 ⊕ Zwt ⊕ Zco-graded vector space, and let f be
its characteristic function
f =
∑
(γ,n,j)∈Z
Q0
≥0⊕Zwt⊕Zco
(−1)j dim(V jγ,n)x
γqn/2,
which we assume is well-defined and belongs to R. Then K0(Sym)(f) is the characteristic
function of the underlying graded vector space of the free supercommutative algebra generated
by V . In other words, K0(Sym) is the decategorification of the operation of forming the free
supercommutative algebra, explaining our choice of notation in place of, say, EXP.
In terms of this operation, we may write, using the cohomological integrality theorem (The-
orem 2.4):
χq,x
(
Grwt
(
Hnilp
Q˜,W
))
= K0(Sym)
 ∑
(γ,n,j)∈(Z
Q0
≥0\{0})⊕Zwt⊕Zco
dim
(
Grwtn (g
nilp,j
prim,γ)
)
(−1)jxγqn/2(1− q)−1
 .
Here the (1 − q)−1 factor is the contribution of χq(HC∗(pt)) = (1 − q)
−1 to the tensor product
g
nilp
prim,γ [u]
∼= g
nilp
prim,γ ⊗HC∗(pt) on the left hand side of Equation (6). The following is trivial.
Lemma 3.6. If A is a free supercommutative Z ⊕ Zco-graded algebra generated by the graded
subspace V , and Anm = 0 unless m = n, then V
n
m = 0 unless m = n.
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We deduce from Theorem 3.4 and Lemma 3.6 that we may write
(16) χq,x
(
Grwt
(
Hnilp
Q˜,W
))
= K0(Sym)
 ∑
(γ,m)∈(Z
Q0
≥0\{0})⊕Z
dim(gnilp,mprim,γ)x
γ(−q1/2)m(1− q)−1
 ,
i.e. Grwtn (g
nilp,j
prim,γ) = 0 for j 6= n. In other words, g
nilp
prim is a pure (Z
Q0
≥0 \{0})-graded mixed Hodge
structure.
4. Kac polynomials
Associated to the quiver Q and a dimension vector γ ∈ ZQ0≥0 is the Kac polynomial aγ(q) in-
troduced by Kac [13], counting the number of isomorphism classes of absolutely indecomposable
γ-dimensional representations of Q over Fq.
We recall a theorem of Hua, in terms of the K0(Sym) operation of Definition 3.5. Firstly we
will need some notation. For two partitions pi, pi′ we define 〈pi, pi′〉 :=
∑
α∈Z≥1
piαpi
′
α. If we write
a partition pi in the notation pi = (1ψ1 , 2ψ2 , . . .), we define bpi(q) =
∏
j(1 − q) . . . (1 − q
ψj). If
pi ∈ P, then pi ∈ P(γ) for some γ and we define |pi| := γ.
Theorem 4.1. [10, Thm.4.9] There is an equality of generating functions
(17) K0(Sym)

∑
γ∈Z
Q0
≥0 ,
γ 6=0
−xγaγ(q)(1− q)
−1
 =
∑
pi∈P
cpi(q)x
|pi| ∈ 1 +R,
where
cpi(q) :=
∏
a∈Q1
q〈pi(s(a)),pi(t(a))〉∏
i∈Q0
q〈pi(i),pi(i)〉bpi(i)(q−1)
.
Lemma 4.2. [10, Lem.3.1] Let pi and pi′ be two partitions, which we write in the notation
pi = (1ψ1 , 2ψ2 , . . .). Then there is an identity
〈pi, pi′〉 =
∑
α,α′∈Z≥1
min(α,α′)ψαψ
′
α′ .
By (11) there is an isomorphism Hnilp,∨
Q˜,W,γ
∼= Hc,Gγ(Z
nilp
Q˜,W,S,γ
,Q). From the proof of Theorem
3.4 we may alternatively write, using Lemma 4.2, and the fact that, as we will prove in Lemma
4.3, each Npi is special,
(18) χq,x
 ⊕
γ∈Z
Q0
≥0
Hnilp,∨Q,W,γ
 = ∑
pi∈P
∏
a∈Q1
q〈pi(s(a)),pi(t(a))〉
χq(Hc(Npi,Q))
x|pi| ∈ 1 +R−
where we expand the right hand side in powers of q−1. In Equation (18) the denominator
χq(Hc(Npi,Q)) is the weight polynomial of the compactly supported cohomology of the algebraic
group Npi, which we now calculate.
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Lemma 4.3. There is an equality
(19) χq (Hc(Npi,Q)) =
∏
i∈Q0
q〈pi(i),pi(i)〉bpi(i)(q
−1),
and Npi is special.
Proof. It is sufficient to prove the claim under the assumption that Q has only one vertex,
which will ease the notation somewhat. Let Kpi =
⊕
α≥1(C[t]/t
α)⊕ψα be the nilpotent C[t]-
module corresponding to the partition pi = (1ψ1 , 2ψ2 , . . .), then Npi = Aut(Kpi). Let Hα be
the kernel of the map Aut(Kpi) → Aut
(
Kpi ⊗C[t] C[t]/t
α
)
. Then as a complex algebraic group,
Npi/H1 is isomorphic to the parabolic subgroup P with Levi subgroup L :=
∏
α∈Z≥1
GLψα(C).
We define H0 be the kernel of the composition of natural surjections
Npi → P → L.
For α ≥ 1, each of the unipotent algebraic groups Hα−1/Hα is isomorphic to a vector space, as
a complex variety. There is an isomorphism H0 ∼=
∏
α,α′∈Z≥1
A(min(α,α
′)−δα,α′ )ψαψα′ as complex
varieties, where δα,α′ is the Kronecker delta function. Since the class of special groups is closed
under extensions and contains general linear groups and C (see the discussion after [11, Def.2.1]),
it follows that Npi is special, and (19) follows from the equations
χq (Hc(Aut(Kpi)/H0,Q)) =bpi(q
−1)q
∑
α ψ
2
α
χq(Hc(H0,Q)) =q
〈pi,pi〉−
∑
α ψ
2
α .

We deduce from (18) and Lemma 4.3 that
(20) χq,x
 ⊕
γ∈Z
Q0
≥0
Hnilp,∨Q,W,γ
 =∑
pi∈P
cpi(q)x
|pi| ∈ 1 +R−.
where the right hand side of (20) becomes the right hand side of (17) after we write them both
as power series in xi with coefficients given by rational functions in q. To compare the left hand
sides of (20) and (17) we use the following technical lemma4.
Lemma 4.4. Let
f =
∑
γ∈Z
Q0
≥0 ,
γ 6=0
fγ(q
1/2)q1/2(1− q)−1xγ
with each fγ(q
1/2) a Laurent polynomial in q1/2. We denote by f+ the formal power series
expansion of f , considered as an element of R as defined in (14), and by f− the power series
expansion in R−, as defined in (15). Then we can write
K0(Sym)±(f
±) =
∑
γ∈Z
Q0
≥0
r±γ (q)x
γ ∈ 1 +R±,
4Thanks go to Sven Meinhardt for originally pointing out this neat fact to me.
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where r±γ (q
1/2) are rational functions in q1/2, and K0(Sym)+ denotes K0(Sym). Moreover,
there is an equality of rational functions r+γ (q
1/2) = r−γ (q
1/2).
Proof. We start by recalling two Euler product expansions of quantum dilogarithms
K0(Sym)(−q
1/2(1− q)−1x) =
∑
m≥0
(−q1/2)m
2
(
m∏
s=1
(1− qs)−1
)
xm(21)
K0(Sym)((1 − q)
−1x) =
∑
m≥0
(
m∏
s=1
(1− qs)−1
)
xm.(22)
Writing fγ(q
1/2) =
∑
n∈Z fγ,nq
n/2 we have
K0(Sym)
(
f+
)
=
∏
(γ,n)∈(Z
Q0
≥0\{0})⊕Z
(
K0(Sym)
(
q1/2+n/2(1− q)−1xγ
))fγ,n
and we deduce that it is enough to prove the lemma in the case f = −qn/2xγ . Then
K0(Sym)
(
−q1/2+n/2(1 + q + . . .)xγ
)
=
∑
m≥0
(−q1/2)m
2
∏
1≤s≤m
(1− qs)−1(xγqn/2)m
by Equation (21), from which we deduce that
(23) r+mγ(q
1/2) = (−q1/2)m
2
qmn/2
∏
1≤s≤m
(1− qs)−1,
so rationality follows. On the other hand, we may rewrite
−qn/2xγq1/2(1− q)−1 = qn/2−1/2xγ(1 + q−1 + . . .) =: f−
and
K0(Sym)−
(
qn/2−1/2xγ(1 + q−1 + . . .)
)
=
∑
m≥0
 ∏
1≤s≤m
(1− q−s)−1
 (xγqn/2−1/2)m
via Equation (22) and so r−mγ(q
1/2) =
∏
1≤s≤m(1 − q
−s)−1q−m/2qmn/2 = r+mγ(q
1/2) as required.

Write rγ =
∑
pi∈P(γ) cpi(q). By Hua’s Theorem 4.1 and Lemma 4.4,
(24) K0(Sym)−

∑
γ∈Z
Q0
≥0 ,
γ 6=0
xγaγ(q)q
−1(1− q−1)−1
 =
∑
γ∈Z
Q0
≥0
rγ(q)x
γ ∈ 1 +R− .
Replacing χq,x(H
nilp,∨
Q,W ) with χq,x(H
nilp
Q,W ) corresponds to the substitution q
1/2 7→ q−1/2, which
also intertwines the operations K0(Sym) and K0(Sym)−, and so from Equations (20) and (24)
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we deduce
(25) K0(Sym)

∑
γ∈Z
Q0
≥0 ,
γ 6=0
xγqaγ(q
−1)(1− q)−1
 = χq,x(HnilpQ,W ) ∈ 1 +R .
Equating coefficients with (16), and using injectivity of K0(Sym), we deduce
(26) qaγ(q
−1) =
∑
n∈2Z
dim(gnilp,nprim,γ)q
n/2,
where the right hand sum is over the even numbers, as the left hand side contains no odd powers
of q. We recover the theorem of Hausel, Letellier and Rodriguez-Villegas:
Theorem 4.5. The Kac polynomials aγ(q) have positive coefficients.
Remark 4.6. We also recover a result of Kac, which states that the polynomials aγ(q) are
independent of the orientation of Q. In our framework, this is explained by the fact that the
isomorphism class of the pair (CQ˜,W ) is independent of the orientation of Q.
Remark 4.7. Rewriting qaγ(q
−1) in the left hand side of (26) as −q1/2(−q1/2aγ(q
−1)), where
the removed −q1/2 factor is as in (4), our calculations show that the refined DT invariants for
the category of representations of the Jacobi algebra for (Q˜,W ), such that ωi acts nilpotently for
all i, are given by −q−1/2aγ(q). The substitution q
1/2 7→ q−1/2 is due to the fact that in [14] the
vector dual theory is considered in defining refined DT invariants. By the usual manipulations
involving power structures (see e.g. [8, 1]), one can show that
χq,x
(
Grwt(H∨
Q˜,W
)
)
=
(
χq,x
(
Grwt(Hnilp,∨
Q˜,W
)
))q
.
It follows that the refined DT invariants (in the sense of [14]) for the category of representations
of the Jacobi algebra for (Q˜,W ) are given by −q1/2aγ(q), recovering [16, Thm.5.1].
Remark 4.8. By the previous remark, the generating function χq,x(Gr
wt(HQ˜,W )) contains only
integral powers of q, and all its coefficients are positive. This is as implied by Conjecture 3.1.
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